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ÇÇÖÑÖçàÖ

 

çÂÎËÌÂÈÌ˚Â ‚ÓÎÌÓ‚˚Â ÔÓˆÂÒÒ˚, ‚ ÚÓÏ ˜ËÒÎÂ
Ò „ËÒÚÂÂÁËÒÌÓÈ ÌÂÎËÌÂÈÌÓÒÚ¸˛, ¯ËÓÍÓ Ó·ÒÛÊ-
‰‡˛ÚÒfl ‚ ÎËÚÂ‡ÚÛÂ. éÚÏÂÚËÏ ÒÚ‡Ú¸Ë [1, 2] Ë
·ÓÎ¸¯ÓÈ Ó·ÁÓ [3], ‡ Ú‡ÍÊÂ ÔÓˆËÚËÓ‚‡ÌÌ˚Â ‚
˝ÚËı ÔÛ·ÎËÍ‡ˆËflı ‡·ÓÚ˚.

Ç Ò‚flÁË Ò ÒÓ‚ÂÏÂÌÌ˚ÏË Á‡‰‡˜‡ÏË ÒÚÓËÚÂÎ¸-
ÒÚ‚‡ ÓÒÓ·ÂÌÌÓ ‚‡ÊÌÓ ‡Á‚ËÚËÂ ÚÂÓËË ‡ÒÔÓ-
ÒÚ‡ÌÂÌËfl ÌÂÎËÌÂÈÌ˚ı ‡ÍÛÒÚË˜ÂÒÍËı ‚ÓÎÌ ‚ ÒÂ-
‰‡ı Ò ÌÂÓ·‡ÚËÏ˚ÏË ‰ÂÙÓÏ‡ˆËflÏË ÚËÔ‡ ÛÔÎÓÚ-
ÌflÂÏÓ„Ó „ÛÌÚ‡. í‡Í‡fl ÚÂÓËfl ÔË ‡Ì‡ÎËÁÂ
ÔÓˆÂÒÒ‡ ‡ÒÔÓÒÚ‡ÌÂÌËfl ÚÂ·ÛÂÚ Ó‰ÌÓ‚ÂÏÂÌ-
ÌÓ„Ó Û˜ÂÚ‡ ÌÂÎËÌÂÈÌÓÈ ÂÎ‡ÍÒ‡ˆËË Ë ‚flÁÍÓÒÚË
ÒÂ‰˚. êÂ¯ÂÌËÂ Á‡‰‡˜Ë Ò Ó‰ÌÓ‚ÂÏÂÌÌ˚Ï Û˜ÂÚÓÏ
ÛÍ‡Á‡ÌÌ˚ı ˝ÙÙÂÍÚÓ‚ fl‚ÎflÂÚÒfl ‚ÂÒ¸Ï‡ ÒÎÓÊÌÓÈ
ÔÓ·ÎÂÏÓÈ, ÂÂ ‡Ì‡ÎËÁ ·˚Î Ì‡˜‡Ú, ıÓÚfl Ë ÌÂ Á‡‚Â-
¯ÂÌ ‚ [4].

Ç ̋ ÚÓÈ ÒÚ‡Ú¸Â ÔÓ‰ÓÎÊ‡ÂÏ ‡·ÓÚÛ [4] Ë ‡ÒÒÏ‡Ú-
Ë‚‡ÂÏ ÛÔÓ˘ÂÌÌÛ˛ ÏÓ‰ÂÎ¸, ‚ ÍÓÚÓÓÈ ÂÎ‡ÍÒËÛ-
˛˘ÂÈ fl‚ÎflÂÚÒfl ÎË¯¸ ‚ÓÎÌ‡ ‡Á„ÛÁÍË. ÑÎfl Ú‡ÍÓ„Ó
ÔÓˆÂÒÒ‡ ‚ [4] ·˚ÎÓ ÔÓÎÛ˜ÂÌÓ Û‡‚ÌÂÌËÂ

(1)

‚ ·ÂÁ‡ÁÏÂÌ˚ı ÔÂÂÏÂÌÌ˚ı, 

 

P

 

, 

 

z

 

 Ë 

 

θ

 

 – ·ÂÁ‡ÁÏÂ-
Ì˚Â ‰‡‚ÎÂÌËÂ, ‡ÒÒÚÓflÌËÂ Ë ‚ÂÏfl, 

 

P

 

m

 

(

 

z

 

) – ·ÂÁ‡Á-
ÏÂÌÓÂ Ï‡ÍÒËÏ‡Î¸ÌÓÂ ‰‡‚ÎÂÌËÂ. áÌ‡˜ÍË 

 

z

 

 Ë 

 

θ

 

ÓÁÌ‡˜‡˛Ú ‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂ ÔÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛-
˘ËÏ ÔÂÂÏÂÌÌ˚Ï. ÅÂÁ‡ÁÏÂÌ˚È ÍÓ˝ÙÙËˆËÂÌÚ 

 

κ

 

‚ (1) Û˜ËÚ˚‚‡ÂÚ ÂÎ‡ÍÒ‡ˆË˛, ÔË 

 

κ

 

 

 

�

 

 1 ‚ÂÏfl Â-
Î‡ÍÒ‡ˆËË ‚ÂÎËÍÓ. ùÚÓÚ ÒÎÛ˜‡È Ë ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl
‰‡ÎÂÂ. èË ˝ÚÓÏ ÛÒÎÓ‚ËË Û‡‚ÌÂÌËÂ (1) ÏÓÊÂÚ
·˚Ú¸ ÛÔÓ˘ÂÌÓ:

(2)

Pz PPθ–( )θ κ Pz Pm z( )Pθ–[ ]+ 0=

Pz PP∞–
1
2
---κ P2 2Pm z( )–[ ]– O κ2( ).+=

 

ÑÎfl ÓÔËÒ‡ÌËfl ÔÓˆÂÒÒ‡ ‡Á„ÛÁÍË – ÔÓˆÂÒÒ‡ ÒÓ
ÒÔ‡‰‡˛˘ËÏ ‚Ó ‚ÂÏÂÌË ‰‡‚ÎÂÌËÂÏ ÔË

(3)

– ÌÂÓ·ıÓ‰ËÏÓ Â¯ËÚ¸ Û‡‚ÌÂÌËfl (1) ËÎË (2) ÔË
ÔÓËÁ‚ÓÎ¸ÌÓÈ ÙÛÌÍˆËË 

 

P

 

m

 

(

 

z

 

). èÓÎÛ˜ÂÌÌ˚Â Â¯Â-
ÌËfl ÌÛÊÌÓ Ò¯ËÚ¸ ‚ ÚÓ˜ÍÂ 

 

P

 

 = 

 

P

 

m

 

(

 

z

 

), 

 

θ

 

 = 

 

θ

 

m

 

(

 

z

 

) Ò Â-
¯ÂÌËÂÏ, ÓÔËÒ˚‚‡˛˘ËÏ ‚ÓÎÌÛ Ì‡„ÛÁÍË, Ë ÓÔÂ‰Â-
ÎËÚ¸ ÙÛÌÍˆËË 

 

P

 

m

 

(

 

z

 

) Ë 

 

θ

 

m

 

(

 

z

 

). 

çÂÎËÌÂÈÌ˚Â Û‡‚ÌÂÌËfl (1) Ë (2) ‚ÂÒ¸Ï‡ ÒÎÓÊ-
Ì˚ ‰Îfl Â¯ÂÌËfl. éÒÓ·‡fl ÚÛ‰ÌÓÒÚ¸ Ò‚flÁ‡Ì‡ Ò ÚÂÏ,
˜ÚÓ ÙÛÌÍˆËfl 

 

P

 

m

 

(

 

z

 

) Á‰ÂÒ¸ Á‡‡ÌÂÂ ÌÂ ËÁ‚ÂÒÚÌ‡ Ë fl‚-
ÎflÂÚÒfl ËÒÍÓÏÓÈ. ÑÛ„‡fl ÚÛ‰ÌÓÒÚ¸ ‚ ÚÓÏ, ˜ÚÓ Ì‡
Â¯ÂÌËÂ ‰Îfl ‡Á„ÛÁÍË Á‡‡ÌÂÂ Ì‡ÍÎ‡‰˚‚‡ÂÚÒfl
ÚÂ·Ó‚‡ÌËÂ (3). Ç ‰‡Î¸ÌÂÈ¯ÂÏ ‰Îfl ÔË·ÎËÊÂÌÌÓ-
„Ó Â¯ÂÌËfl ÌÂÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ ËÒÔÓÎ¸ÁÛÂÏ
‰‚‡ ‡ÒËÏÔÚÓÚË˜ÂÒÍËı ÔÓ‰ıÓ‰‡.

èÂ‚˚È ËÁ ˝ÚËı ÔÓ‰ıÓ‰Ó‚ (ÒÏ. [5]) ÔÓÁ‚ÓÎflÂÚ
ËÁÛ˜‡Ú¸ ÔÓˆÂÒÒ˚ ÎË¯¸ Ì‡ Ò‡‚ÌËÚÂÎ¸ÌÓ ÍÓÓÚ-
ÍËı Ú‡ÒÒ‡ı ËÎË ÌÂ·ÓÎ¸¯Ëı ÔÓÏÂÊÛÚÍ‡ı ‚ÂÏÂ-
ÌË, Á‡ÚÓ ‰‡ÂÚ ‚ÓÁÏÓÊÌÓÒÚ¸ ÔÂÓ‰ÓÎÂÚ¸ ÏÌÓ„ËÂ
‡Ì‡ÎËÚË˜ÂÒÍËÂ ÚÛ‰ÌÓÒÚË. êÂ¯ÂÌËfl Ë˘ÛÚÒfl ‚ ‚Ë‰Â
ÔÓÎËÌÓÏÓ‚ ÔÓ ÒÚÂÔÂÌflÏ ‡ÒÒÚÓflÌËfl ËÎË ‚ÂÏÂÌË.
é·˚˜Ì˚Â ÔËÂÏ˚ ‡·ÓÚ˚ Ò ‡ÒËÏÔÚÓÚË˜ÂÒÍËÏË
‡ÁÎÓÊÂÌËflÏË ‰‡˛Ú ‚ÓÁÏÓÊÌÓÒÚ¸ Ì‡ÈÚË ‡ÁÏÂ˚
ÔÂ‰ÂÎ¸Ì˚ı ‰ËÒÚ‡ÌˆËÈ ËÎË ËÌÚÂ‚‡ÎÓ‚, Ì‡ ÍÓÚÓ-
˚ı ÛÔÓÏflÌÛÚ˚Â ÔÓÎËÌÓÏ˚ ÏÓ„ÛÚ ·˚Ú¸ ËÒÔÓÎ¸ÁÓ-
‚‡Ì˚ ‰Îfl ÓˆÂÌÍË ÙËÁË˜ÂÒÍËı ˝ÙÙÂÍÚÓ‚.

ÇÚÓÓÈ ÔÓ‰ıÓ‰ – ÏÂÚÓ‰ Ï‡ÎÓ‡ÏÔÎËÚÛ‰ÌÓ„Ó
ÔË·ÎËÊÂÌËfl (ÒÏ. [6]), ‚ÔÂ‚˚Â ·˚Î ÔÂ‰ÎÓÊÂÌ
ÑÊ. ëÚÓÍÒÓÏ. êÂ¯ÂÌËfl ÒÚÓflÚÒfl ‚ ‚Ë‰Â ‡ÁÎÓÊÂ-
ÌËÈ ÔÓ ÒÚÂÔÂÌflÏ Ï‡ÎÓ„Ó Ô‡‡ÏÂÚ‡, ÔÓÔÓˆËÓ-
Ì‡Î¸ÌÓ„Ó ‡ÏÔÎËÚÛ‰Â. èË ̋ ÚÓÏ ÔÓ‰ıÓ‰Â Ú‡ÍÊÂ ÏÓ-
„ÛÚ ·˚Ú¸ ÛÒÚ‡ÌÓ‚ÎÂÌ˚ ÛÒÎÓ‚Ëfl Â„Ó ÔËÏÂÌËÏÓÒÚË.

∂P
∂θ
------ 0<
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åÓÎÓÚÍÓ‚

 

êÂ¯ÂÌË˛ Û‡‚ÌÂÌËÈ (1) Ë (2) Ò ÔÓÏÓ˘¸˛ ÛÍ‡-
Á‡ÌÌ˚ı ÏÂÚÓ‰Ó‚ Í‡Í ‡Á Ë ÔÓÒ‚fl˘ÂÌÓ Ì‡˜‡ÎÓ ‡-
·ÓÚ˚. á‰ÂÒ¸ ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ ˝ÚË ÔÓ‰ıÓ‰˚ ÓÔÂ‰ÂÎfl-
˛Ú Â¯ÂÌËÂ Ì‡ ‡ÁÌ˚ı ËÌÚÂ‚‡Î‡ı ‚ÂÏÂÌË 

 

θ

 

 Ë
‚Á‡ËÏÌÓ ‰ÓÔÓÎÌfl˛Ú ‰Û„ ‰Û„‡.

Ñ‡ÎÂÂ, ‚Ó ‚ÚÓÓÈ ÔÓÎÓ‚ËÌÂ ‡·ÓÚ˚ ËÁÛ˜‡˛ÚÒfl
Â¯ÂÌËfl ·ÓÎÂÂ Ó·˘Â„Ó Û‡‚ÌÂÌËfl

(4)

Û˜ËÚ˚‚‡˛˘Â„Ó ‚flÁÍÓÒÚ¸ (ÔÓ„ÎÓ˘ÂÌËÂ) ÒÂ‰˚ 

 

Γ

 

.
ÑÎfl Â¯ÂÌËfl ˝ÚÓ„Ó Û‡‚ÌÂÌËfl ËÒÔÓÎ¸ÁÛÂÚÒfl ÚÓ˜-
ÌÓÂ Â¯ÂÌËÂ Û‡‚ÌÂÌËfl (4) ÔË 

 

κ

 

 = 0, ‡ Ú‡ÍÊÂ Â-
¯ÂÌËfl, ·ÎËÁÍËÂ Í ‡‚ÚÓÏÓ‰ÂÎ¸Ì˚Ï.

ç‡ÍÓÌÂˆ, ‚ ÔÓÒÎÂ‰ÌÂÏ ÔÛÌÍÚÂ ‡·ÓÚ˚ ÔÓËÁ‚Ó-
‰ËÚÒfl ÒÓÔÓÒÚ‡‚ÎÂÌËÂ „ËÒÚÂÂÁËÒÌ˚ı ÍË‚˚ı ÔË
‡ÁÎË˜Ì˚ı ÁÌ‡˜ÂÌËflı Ô‡‡ÏÂÚÓ‚ 

 

κ

 

 Ë 

 

Γ

 

.

 

èéãàçéåàÄãúçéÖ èé 

 

θ

 

 êÖòÖçàÖ.

 

ç‡˜ËÌ‡ÂÏ Ò Â¯ÂÌËfl ‰Îfl ‚ÓÎÌ˚ ‡Á„ÛÁÍË.
Ç ÌÂ‚ÓÁÏÛ˘ÂÌÌÓÏ ÒÎÛ˜‡Â (ÔË 

 

κ 

 

= 0) ËÏÂÂÚÒfl ÚÓ˜-
ÌÓÂ Â¯ÂÌËÂ

ÑÎfl ˝ÚÓ„Ó Â¯ÂÌËfl, Ó˜Â‚Ë‰ÌÓ, ‚˚ÔÓÎÌÂÌÓ ÛÒÎÓ-
‚ËÂ (3). êÂ¯ÂÌËÂ ‚ÓÁÏÛ˘ÂÌÌÓ„Ó Û‡‚ÌÂÌËfl (2), ‚ ÒÓ-
ÓÚ‚ÂÚÒÚ‚ËË ÒÓ ÒÍ‡Á‡ÌÌ˚Ï ‚˚¯Â, Ë˘ÂÏ ‚ ‚Ë‰Â ‡Á-
ÎÓÊÂÌËfl ÔÓ ÒÚÂÔÂÌflÏ 

 

θ

 

‚ ÍÓÚÓÓÏ ÙÛÌÍˆËË 

 

P

 

1

 

(

 

z

 

) Ë 

 

P

 

2

 

(

 

z

 

) ÔÓ‰ÎÂÊ‡Ú ÓÔÂ‰Â-
ÎÂÌË˛.

ëÚ‡Ì‰‡ÚÌÓÂ ÔË‡‚ÌË‚‡ÌËÂ ÍÓ˝ÙÙËˆËÂÌÚÓ‚
ÔË ‡ÁÎË˜Ì˚ı ÒÚÂÔÂÌflı 

 

θ

 

 ÔË‚Ó‰ËÚ Í ÓÔÂ‰ÂÎÂ-
ÌË˛ 

 

P

 

1

 

(

 

z

 

) Ë 

 

P

 

2

 

(

 

z

 

). ÑÎfl ‚ÓÎÌ˚ ‡Á„ÛÁÍË ÔÓÎÛ˜‡ÂÏ:

(5)

ÑÎfl ÔË·ÎËÊÂÌËfl (5) ÏÓÊÌÓ ÛÍ‡Á‡Ú¸ ÛÒÎÓ‚ËÂ
ÔËÏÂÌËÏÓÒÚË. éˆÂÌË‚‡fl ‰‡Î¸ÌÂÈ¯ËÂ, ÌÂ ‚˚ÔË-
Ò‡ÌÌ˚Â ‚ (5), ˜ÎÂÌ˚ ‡ÁÎÓÊÂÌËfl ÔÓ ÒÚÂÔÂÌflÏ 

 

θ

 

 Ë
ÔÓÎ‡„‡fl, ˜ÚÓ 

 

A

 

 < 

 

z

 

 < 

 

B

 

, ÏÓÊÌÓ ‚˚‚ÂÒÚË ÒÎÂ‰Û˛˘ÂÂ
ÛÒÎÓ‚ËÂ ÔËÏÂÌËÏÓÒÚË

(6)

‰Îfl fl‚ÌÓÈ ÙÓÏÛÎ˚ (5).

Pz PPθ– ΓPθθ–( )θ κ Pz Pm z( )Pθ–( )+ 0,=

P
θ

z A–
------------, z– A.>=

P
θ

z A–
------------– κ θP1 z( ) θ2P2 z( )+[ ] O κθ3( ),+ +=

P
θ

z A–
------------ ––=

–
κθ

z A–( )2
------------------- Pm z( ) z A–( ) z

κθ2

4
-------- z A–( ).–d∫

θ 1

B A–( ) z A–( )5
--------------------------------------<

ÑÎfl ‚ÓÎÌ˚ Ì‡„ÛÁÍË, Í‡Í ·˚ÎÓ ÛÒÎÓ‚ÎÂÌÓ, ÌÂ
Û˜ËÚ˚‚‡ÂÏ ˝ÙÙÂÍÚ ÂÎ‡ÍÒ‡ˆËË. á‰ÂÒ¸ ÒÔ‡‚Â‰ÎË-
‚Ó ÚÓ˜ÌÓÂ Â¯ÂÌËÂ

(7)

ë¯Ë‚‡ÂÏ Â¯ÂÌËfl (5) Ë (7) ‚ ÚÓ˜ÍÂ P = Pm(z),
θ = θm(z). àÒÍÎ˛˜‡ÂÏ ÙÛÌÍˆË˛ Pm(z) Ë ËÒÔÓÎ¸ÁÛÂÏ
‡‚ÂÌÒÚ‚Ó

fl‚Îfl˛˘ÂÂÒfl ÒÎÂ‰ÒÚ‚ËÂÏ (5). èËıÓ‰ËÏ Í ÎËÌÂÈÌÓ-
ÏÛ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓÏÛ Û‡‚ÌÂÌË˛

ÓÔÂ‰ÂÎfl˛˘ÂÏÛ ÙÛÌÍˆË˛ θm(z):

(8)

îÓÏÛÎ‡ (8) Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl ÂÈ ÙÓÏÛÎ‡
‰Îfl Pm(z) ‚ÂÒ¸Ï‡ „ÓÏÓÁ‰ÍË. ÅÛ‰ÂÏ Ò˜ËÚ‡Ú¸ ‡Ò-
ÒÏ‡ÚË‚‡ÂÏ˚È ËÌÚÂ‚‡Î [A, B] ‰ÓÒÚ‡ÚÓ˜ÌÓ ¯ËÓ-
ÍËÏ, ‡ ÍÓÓ‰ËÌ‡ÚÛ z ·ÎËÁÍÓÈ Í ÎÂ‚ÓÏÛ Í‡˛ ËÌ-
ÚÂ‚‡Î‡

(9)

ìÒÎÓ‚ËÂ (9) ÔÓÁ‚ÓÎflÂÚ ÔË·ÎËÊÂÌÌÓ ‚˚˜ËÒÎËÚ¸
ËÌÚÂ„‡Î ‚ (8) Ë ÔÓÎÛ˜ËÚ¸ fl‚Ì˚Â Ë ÍÓÌÂ˜Ì˚Â ‚˚-
‡ÊÂÌËfl ‰Îfl θm Ë Pm:

(10)

ÖÒÎË ËÁ ÔÓÎÛ˜ÂÌÌ˚ı ÙÓÏÛÎ ËÒÍÎ˛˜ËÚ¸ z–A,
ÚÓ ÔËıÓ‰ËÏ Í „‡ÌË˜ÌÓÈ ÍË‚ÓÈ, Ò‚flÁ˚‚‡˛˘ÂÈ
ÚÓ˜ÍË Ï‡ÍÒËÏ‡Î¸ÌÓÈ Ì‡„ÛÁÍË ÔË ‡ÁÎË˜Ì˚ı
ÁÌ‡˜ÂÌËflı z. Ç ÒÚ‡¯ÂÏ ÔÓfl‰ÍÂ Ú‡Í‡fl ÍË‚‡fl
ËÏÂÂÚ ‚Ë‰

(11)

ç‡ ËÒ. 1 ËÁÓ·‡ÊÂÌ˚ ÎËÌËË Ì‡„ÛÁÍË Ë ‡Á-
„ÛÁÍË ÔË ‰‚Ûı ÁÌ‡˜ÂÌËflı z = z1 Ë z = z2, ‡ Ú‡ÍÊÂ
„‡ÌË˜Ì‡fl ÍË‚‡fl (11). ëÓ„Î‡ÒÌÓ (7) ÔË z2 > z1 ÎË-
ÌËfl Ì‡„ÛÁÍË, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl z = z2, ÔÓıÓ‰ËÚ
‚˚¯Â Ú‡ÍÓÈ ÊÂ ÎËÌËË, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ z = z1. Ç
ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò (5) ÎËÌËfl ‡Á„ÛÁÍË ÔË z = z1 ÛıÓ-
‰ËÚ ‚ÌËÁ ·ÓÎÂÂ ÍÛÚÓ, ˜ÂÏ ÔË z = z2.

èÓÎÛ˜ÂÌÌ˚Â ‚ ˝ÚÓÏ ÔÛÌÍÚÂ ÙÓÏÛÎ˚ ÒÔ‡‚Â‰-
ÎË‚˚ ÔË ‚˚ÔÓÎÌÂÌËË ÛÒÎÓ‚ËÈ (6) Ë (9).

P
θ

B z–
------------, A z B.< <=

Pm z( ) z A–( ) θm z( )– O κ( ),+=

θm z( ) 4
z A–
------------ θm z( ) zd∫–

4
κ
--- B A–

B z–( ) z A–( )7
------------------------------------,–=

θm z( ) 4 B A–( )
κ

--------------------- 1

B z–( ) z A–( )2
------------------------------------ ––=

–
16 B A–( )

κ
------------------------ z A–( )3 zd

B z–( ) z A–( )7
------------------------------------.∫

z A � B– A.–

κθm B A 1 4

3 z A–( )3 B A–( )
-----------------------------------------– O B A–( ) 3–[ ]+ ,–=

κPm 1 4

3 z A–( )3 B A–( )
-----------------------------------------– O B A–( ) 3–[ ].+=

Pm
1

B A–
-------------θm O B A–( ) 3–[ ].+=
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åÄãéÄåèãàíìÑçéÖ èêàÅãàÜÖçàÖ

íÂÔÂ¸ Û‡‚ÌÂÌËÂ (2) Â¯‡ÂÏ ‰Û„ËÏ ÏÂÚÓ‰ÓÏ –
Ò ÔÓÏÓ˘¸˛ Ï‡ÎÓ‡ÏÔÎËÚÛ‰ÌÓ„Ó ‡ÌÁ‡Úˆ‡ ëÚÓÍÒ‡

(12)

á‰ÂÒ¸ u, v, w – ÌÂËÁ‚ÂÒÚÌ˚Â ÙÛÌÍˆËË. èÓ‰ÒÚ‡‚Îfl-
ÂÏ ˝ÚÓ ‡ÁÎÓÊÂÌËÂ ‚ Û‡‚ÌÂÌËÂ (2). ë‡ÏÓÂ ÒÚ‡-
¯ÂÂ ÔÓÎÛ˜‡˛˘ÂÂÒfl Û‡‚ÌÂÌËÂ ÛÒÚ‡Ì‡‚ÎË‚‡ÂÚ, ˜ÚÓ
ÙÛÌÍˆËfl u = u(θ) ÌÂ Á‡‚ËÒËÚ ÓÚ z.

ÑÎfl ‚ÓÎÌ˚ ‡Á„ÛÁÍË ‰ÓÎÊÌ˚ ·˚Ú¸ ‚˚ÔÓÎÌÂ-
Ì˚ ÛÒÎÓ‚Ëfl

ìÒÎÓ‚ËÂ 1) ÓÁÌ‡˜‡ÂÚ Ó·‡˘ÂÌËÂ P ‚ ÌÛÎ¸ Ó‰ÌÓ‚Â-
ÏÂÌÌÓ Ò θ. çÂ‡‚ÂÌÒÚ‚Ó 2) Ó·ÂÒÔÂ˜Ë‚‡ÂÚ ‚˚ÔÓÎÌÂ-
ÌËÂ ÛÒÎÓ‚Ëfl (3). ÑÎfl ‚˚ÔÓÎÌÂÌËfl ˝ÚËı ÚÂ·Ó‚‡ÌËÈ
ÔÓÎÓÊËÏ

Ñ‡ÎÂÂ Ò˜ËÚ‡ÂÏ, ˜ÚÓ Ô‡‡ÏÂÚ˚ a Ë κ – ‚ÂÎË˜Ë-
Ì˚ Ó‰ÌÓ„Ó ÔÓfl‰Í‡ Ï‡ÎÓÒÚË Ë ˜ÚÓ Pm = aQm. èÓ-
‰ÓÎÊ‡fl ÔÓˆÂÒÒ ÓÔÂ‰ÂÎÂÌËfl ˜ÎÂÌÓ‚ ‡ÁÎÓÊÂÌËfl
(12), Ì‡ıÓ‰ËÏ, ˜ÚÓ

(13)

äÓÌÂ˜ÌÓ, ÔÓÒÚÓÂÌÌ˚Â ÙÓÏÛÎ˚ ÓÚÌÓÒflÚÒfl Í ÒÎÛ-
˜‡˛, ÍÓ„‰‡

(14)

ìÒÎÓ‚ËÂ ÔËÏÂÌËÏÓÒÚË ÙÓÏÛÎ˚ (13) (‡Ì‡ÎÓ„Ë˜-
ÌÓÂ ÛÒÎÓ‚Ë˛ (6)) ËÏÂÂÚ ‚Ë‰

(15)

P au θ z,( ) a2
v θ z,( ) a3w θ z,( ) O a4( ),+ + +=

a � 1.

1) u 0( ) 0 Ë 2) u ' θ( ) 0.<=

u
θ

θ A–
------------, A 0.>=

P
aθ

θ A–
------------

a2Aθ
θ A–( )3

-------------------z– a2w θ z,( ) O a3( ).+ +=

θ A 0.> >

θ A aAz.>–

ÑÎfl ‚ÓÎÌ˚ Ì‡„ÛÁÍË ‚˚·Ë‡ÂÏ U = θ/(θ + B), B > 0,
˜ÚÓ Ó·ÂÒÔÂ˜Ë‚‡ÂÚ ÌÂ‡‚ÂÌÒÚ‚Ó ∂P/∂θ > 0. íÂÔÂ¸
‚˚˜ËÒÎÂÌËfl ÔË‚Ó‰flÚ Í ÙÓÏÛÎÂ

(16)

ë¯Ë‚‡ÌËÂ ÙÓÏÛÎ (13) Ë (16) ÔË P = Pm Ë θ = θm
‚Â‰ÂÚ Í ËÒÍÎ˛˜ÂÌË˛ ÙÛÌÍˆËË Pm(z). èÓÎÛ˜‡ÂÏ
Û‡‚ÌÂÌËÂ ‰Îfl ‡ÁÌÓÒÚË τ = θm(z) – A:

Ç ˝ÚÓÏ Û‡‚ÌÂÌËË ËÏÂÂÚÒfl Ï‡Î˚È Ô‡‡ÏÂÚ a Ë
·ÓÎ¸¯ÓÈ Ô‡‡ÏÂÚ A + B. Ç ÂÁÛÎ¸Ú‡ÚÂ ‡ÒËÏÔÚÓ-
ÚË˜ÂÒÍËı ‚˚˜ËÒÎÂÌËÈ Ì‡ıÓ‰ËÏ, ˜ÚÓ ‚ ÒÚ‡¯ÂÏ ÔÓ-
fl‰ÍÂ 

(17)

àÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÙÓÏÛÎ (17) Ë (16) ÔÓÁ‚ÓÎflÂÚ ‚˚-
ÔËÒ‡Ú¸ fl‚Ì˚È ‚Ë‰ Pm(z). àÁ (13) ÒÎÂ‰ÛÂÚ, ˜ÚÓ „‡-
ÌË˜Ì‡fl ÍË‚‡fl (‡Ì‡ÎÓ„Ë˜Ì‡fl ÍË‚ÓÈ (11)) ÔË·ÎË-
ÊÂÌÌÓ ÓÔËÒ˚‚‡ÂÚÒfl Û‡‚ÌÂÌËÂÏ

(18)

ãËÌËË Ì‡„ÛÁÍË Ë ‡Á„ÛÁÍË, ‡ Ú‡ÍÊÂ „‡ÌË˜Ì‡fl
ÍË‚‡fl (18) ËÁÓ·‡ÊÂÌ˚ Ì‡ ËÒ. 2.

ëÓÔÓÒÚ‡‚ËÏ ÔÓÎÛ˜ÂÌÌ˚Â Á‰ÂÒ¸ ÂÁÛÎ¸Ú‡Ú˚ Ò
ÂÁÛÎ¸Ú‡Ú‡ÏË ÔÂ‰˚‰Û˘Â„Ó ÔÛÌÍÚ‡. ë˜ËÚ‡ÂÏ, ˜ÚÓ
‚ Ó·ÓËı ÒÎÛ˜‡flı Â¯ÂÌËfl ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl Ì‡ Ó‰-
ÌÓÏ Ë ÚÓÏ ÊÂ ‚ÂÏÂÌÌÓÏ ËÌÚÂ‚‡ÎÂ A < θ < B. êÂ-
¯ÂÌËÂ (5) ‰Îfl ‚ÓÎÌ˚ ‡Á„ÛÁÍË ÓÚÌÓÒËÚÒfl Í ÌÂ
ÒÎË¯ÍÓÏ ·ÓÎ¸¯ËÏ ‚ÂÏÂÌ‡Ï, ÒÏ. ÌÂ‡‚ÂÌÒÚ‚Ó (6),
Ó„‡ÌË˜Ë‚‡˛˘ÂÂ θ Ò‚ÂıÛ. ÄÌ‡ÎÓ„Ë˜ÌÓÂ, ÌÓ ÔÓÎÛ-

P
aθ

θ B+
------------- a2Bθz

θ B+( )3
-------------------- O a3( ).+ +=

A B+
A B τ+ +( )τ

------------------------------– aBz

A B τ+ +( )3
-----------------------------

aAz

τ3
---------  =+ +

=  a2 kz τ A+( )
2τ2

-----------------------–
k
τ
-- z A

zd
τ
-----∫+⎝ ⎠

⎛ ⎞ z2A τ 2A+( )
τ5

------------------------------+ + .

θm z( ) A
az
2
-----– O a3/2( ).+=

Pm a
θm

θm A–
---------------, θm A.>=

P

A B θ

z1

z2

êËÒ. 1. ãËÌËË Ì‡„ÛÁÍË Ë ‡Á„ÛÁÍË ÔË z1 < z2 Ë Ò‡‚-
ÌËÚÂÎ¸ÌÓ Ï‡Î˚ı ‚ÂÏÂÌ‡ı, ÛÒÎÓ‚ËÂ (6). ëÔÎÓ¯Ì‡fl
ÊËÌ‡fl ÎËÌËfl – „‡ÌË˜Ì‡fl ÍË‚‡fl.

P/a

1

A θ

z1 z2

êËÒ. 2. ãËÌËË Ì‡„ÛÁÍË Ë ‡Á„ÛÁÍË ÔË z1 < z2 Ë Ò‡‚-
ÌËÚÂÎ¸ÌÓ ·ÓÎ¸¯Ëı ‚ÂÏÂÌ‡ı, ÛÒÎÓ‚Ëfl (14), (15).
ëÔÎÓ¯Ì‡fl ÊËÌ‡fl ÎËÌËfl – „‡ÌË˜Ì‡fl ÍË‚‡fl.
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åÓÎÓÚÍÓ‚

˜ÂÌÌÓÂ ‰Û„ËÏ ÔÛÚÂÏ Â¯ÂÌËÂ (13) ‰Îfl ‚ÓÎÌ˚ ‡Á-
„ÛÁÍË ÒÔ‡‚Â‰ÎË‚Ó ÔË ÛÒÎÓ‚ËË (15). ùÚÓ ÛÒÎÓ‚ËÂ
Ó„‡ÌË˜Ë‚‡ÂÚ θ ÒÌËÁÛ. í‡ÍËÏ Ó·‡ÁÓÏ, ‰‚‡ ÔËÏÂ-
ÌÂÌÌ˚ı ÔÓ‰ıÓ‰‡ ‰‡˛Ú Â¯ÂÌËfl Ì‡ ‡ÁÌ˚ı ˜‡ÒÚflı
ËÌÚÂ‚‡Î‡ A < θ < B Ë ‚Á‡ËÏÌÓ ‰ÓÔÓÎÌfl˛Ú ‰Û„
‰Û„‡.

ä‡Í Ì‡ ËÒ. 1, Ú‡Í Ë Ì‡ ËÒ. 2 ÓÒÚÛ z ÓÚ‚Â˜‡ÂÚ
Û‚ÂÎË˜ÂÌËÂ θm. ùÚÓ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ÔË ·ÓÎÂÂ „ÎÛ-
·ÓÍÓÏ ÔÓÌËÍÌÓ‚ÂÌËË ‚ ‡ÒÒÏ‡ÚË‚‡ÂÏÛ˛ ÒÂ‰Û
‰ÓÒÚËÊÂÌËÂ Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó ‰‡‚ÎÂÌËfl Pm(z) ÔÓËÒ-
ıÓ‰ËÚ ÔË ·ÓÎ¸¯Ëı ‚ÂÏÂÌ‡ı θm(z). 

ìóÖí Çüáäéëíà

ë Û˜ÂÚÓÏ ·ÂÁ‡ÁÏÂÌÓÈ ‚flÁÍÓÒÚË Γ Û‡‚ÌÂ-
ÌËÂ (1) ÔËÓ·ÂÚ‡ÂÚ ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Â ˜ÎÂÌ˚: 

(19)

Ç ˝ÚÓÏ ÔÛÌÍÚÂ ·Û‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ

Γ � 1 (20)

(‚flÁÍÓÒÚ¸ Ï‡Î‡). èË Ó‰ÌÓ‚ÂÏÂÌÌÓÏ ‚˚ÔÓÎÌÂÌËË
ÌÂ‡‚ÂÌÒÚ‚ κ � 1 Ë (20) Ò‡Ï˚Ï ÔÓÒÎÂ‰ÌËÏ ˜ÎÂÌÓÏ
κΓPθθ ‚ Û‡‚ÌÂÌËË (19) ÂÒÚÂÒÚ‚ÂÌÌÓ ÔÂÌÂ·Â„‡Ú¸.
Ç ÚÓ ÊÂ ‚ÂÏfl ˜ÎÂÌ ΓPθθ ‰‡ÊÂ ÔË ÛÒÎÓ‚ËË (20)
‚ÂÒ¸Ï‡ ‚‡ÊÂÌ, Ú‡Í Í‡Í ÒÓ‰ÂÊËÚ Ò‡ÏÛ˛ ‚˚ÒÓÍÛ˛
ÔÓËÁ‚Ó‰ÌÛ˛ ‚ Û‡‚ÌÂÌËË (19). ìÒÎÓ‚ËÂ κ � 1 ÔÓÁ-
‚ÓÎflÂÚ ÔÂÂÔËÒ‡Ú¸ Û‡‚ÌÂÌËÂ (19) ‚ ‚Ë‰Â

(21)

‡Ì‡ÎÓ„Ë˜ÌÓÏ (2).
Ç ÒÚ‡¯ÂÏ ÔÓfl‰ÍÂ (ÔË κ = 0) ÔÓÎÛ˜‡ÂÏ Û‡‚-

ÌÂÌËÂ Å˛„ÂÒ‡

(22)

ÍÓÚÓÓÂ ËÏÂÂÚ ÚÓ˜ÌÓÂ Â¯ÂÌËÂ

(23)

ÔË Î˛·˚ı Γ Ë A.
èË

(24)

‚˚‡ÊÂÌËÂ P0 Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚Ë˛

(25)

Ë ÏÓÊÂÚ ·˚Ú¸ ËÒÔÓÎ¸ÁÓ‚‡ÌÓ ‰Îfl ÓÔËÒ‡ÌËfl ‚ÓÎÌ˚
Ì‡„ÛÁÍË. èË ̋ ÚÓÏ ̂ ÂÎÂÒÓÓ·‡ÁÌÓ Ó„‡ÌË˜Ë‚‡Ú¸-
Òfl ‰‚ÛÏfl ˜ÎÂÌ‡ÏË ‡ÁÎÓÊÂÌËfl ‚ fl‰

(26)

∂
∂θ
------ Pz PPθ– ΓPθθ–[ ] +

+ κ Pz Pm z( )Pθ– ΓPθθ–[ ] 0.=

Pz PPθ– ΓPθθ–
κ
2
--- P2 2Pm z( )P–[ ]– O κ2( ),+=

Pz PPθ– ΓPθθ– 0,=

P0
1

z A–
------------ θ

2Γ z A–( )
------------------------th θ–=

z A– 1/2Γ<

∂P/∂θ 0>

P
1

z A–
------------ 1

2Γ z A–( )
------------------------ 1–⎝ ⎠

⎛ ⎞ θ 1
3
--- θ

2Γ z A–( )
------------------------⎝ ⎠

⎛ ⎞
3

– .=

èË ‰Û„ÓÏ ÛÒÎÓ‚ËË

(27)

Ç˚‡ÊÂÌËÂ (23) ‰Îfl P0 Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚Ë˛
(3), Ú.Â. ÏÓÊÂÚ ÓÔËÒ˚‚‡Ú¸ ‚ÓÎÌÛ ‡Á„ÛÁÍË. é‰Ì‡-
ÍÓ ËÁ-Á‡ Ï‡ÎÓÒÚË É ÛÒÎÓ‚ËÂ (27) fl‚ÎflÂÚÒfl ‚ÂÒ¸Ï‡
Ó„‡ÌË˜ËÚÂÎ¸Ì˚Ï. èÓ˝ÚÓÏÛ Â¯ÂÌËÂ ‰Îfl ‡Á-
„ÛÁÍË Û‰Ó·ÌÓ ÒÚÓËÚ¸ ËÌ‡˜Â. ì‡‚ÌÂÌËÂ (22) ËÏÂ-
ÂÚ ‡‚ÚÓÏÓ‰ÂÎ¸ÌÓÂ Â¯ÂÌËÂ

(28)

‡ Û‡‚ÌÂÌËÂ (21), ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ËÏÂÂÚ Â¯ÂÌËÂ,
·ÎËÁÍÓÂ Í ‡‚ÚÓÏÓ‰ÂÎ¸ÌÓÏÛ. èÓ‰ÒÚ‡ÌÓ‚Í‡ (28)
ÔË‚Ó‰ËÚ Í Û‡‚ÌÂÌË˛

(29)

ëÚÓËÏ Â¯ÂÌËÂ Û‡‚ÌÂÌËfl (29) ‚ ‚Ë‰Â ‡ÁÎÓÊÂ-
ÌËfl ÔÓ ÒÚÂÔÂÌflÏ y. Ç ÒÚ‡¯ÂÏ ÔÓfl‰ÍÂ ‰Îfl ‚ÓÎÌ˚
‡Á„ÛÁÍË ÔÓÎÛ˜‡ÂÏ

(30)

ë¯Ë‚‡ÌËÂ ‚˚‡ÊÂÌËÈ (26) Ë (30) ÔË θ = θm,
P = Pm ‚ ÒÚ‡¯ÂÏ ÔÓfl‰ÍÂ ‚Â‰ÂÚ Í fl‚Ì˚Ï ÙÓÏÛÎ‡Ï 

(31)

(32)

Ë ‚˚ÚÂÍ‡˛˘ÂÏÛ ËÁ ÌËı Û‡‚ÌÂÌË˛ „‡ÌË˜ÌÓÈ
ÍË‚ÓÈ

(33)

äË‚‡fl (33) ‚ÏÂÒÚÂ Ò ÚËÔË˜Ì˚ÏË ÎËÌËflÏË Ì‡„ÛÁ-
ÍË – ‡Á„ÛÁÍË ËÁÓ·‡ÊÂÌ‡ Ì‡ ËÒ. 3.

Ç Ò‚flÁË Ò ÙÓÏÛÎ‡ÏË (26) Ë (30) ÓÚÏÂÚËÏ, ̃ ÚÓ ‚flÁ-
ÍÓÒÚ¸ Γ ‚ ÓÚÎË˜ËÂ ÓÚ κ Ë ÌÂÒÏÓÚfl Ì‡ ÛÒÎÓ‚ËÂ (20)
‚ÎËflÂÚ ÛÊÂ Ì‡ „Î‡‚Ì˚Â ˜‡ÒÚË ‚˚‡ÊÂÌËÈ Pm Ë θm.

ëãìóÄâ áçÄóàíÖãúçéâ Çüáäéëíà

ä‡Í Ë ‡ÌÂÂ, ‰Îfl ÓÔËÒ‡ÌËfl ‚ÓÎÌ˚ ‡Á„ÛÁÍË Â-
¯‡ÂÏ Û‡‚ÌÂÌËÂ (21). Ç ÓÚÎË˜ËÂ ÓÚ ÔÂ‰˚‰Û˘Â„Ó

z A 1/2Γ>–

P
1

z A–
----------------Φ y( ), y

θ
z A–

----------------, z A,>= =

ΓΦ '' ΦΦ '
1
2
--- Φ yΦ '+( )  =+ +

=  κ z A– Φ 1
2
---Φ z A– Pm–⎝ ⎠

⎛ ⎞ O κ2( ).+

P
1

z A–
---------------- Γ

κ z A–
--------------------⎝ ⎠

⎛ ⎞ 3 1
2
--- θ

z A–
----------------– +=

+ O
κθ
z A–

----------------⎝ ⎠
⎛ ⎞ .

θm 2Γ Γ
κ
---⎝ ⎠

⎛ ⎞
1/3

z A–( )7/6 1
1
3
--- Γ

κ
---⎝ ⎠

⎛ ⎞
2/3

z A–( )1/3+ ,=

Pm
Γ
κ
---⎝ ⎠

⎛ ⎞
1/3 1

z A–( )2/3
---------------------- ×=

× 1 Γ z A–( )5/6–
1
3
---Γ Γ

κ
---⎝ ⎠

⎛ ⎞
2/3

z A–( )7/6–

Pmθm
4/7 2Γ( )4/7 Γ

κ
---⎝ ⎠

⎛ ⎞
11/21

.=
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ÔÛÌÍÚ‡ Ò˜ËÚ‡ÂÏ ‚flÁÍÓÒÚ¸ Γ ÁÌ‡˜ËÚÂÎ¸ÌÓÈ Ë ÔËÏÂ-
ÌflÂÏ ‰Û„ËÂ ÏÂÚÓ‰˚ ‡Ì‡ÎËÁ‡ ˝ÚÓ„Ó Û‡‚ÌÂÌËfl.
ÑÎfl ÓÔËÒ‡ÌËfl ‚ÓÎÌ˚ Ì‡„ÛÁÍË ËÒÔÓÎ¸ÁÛÂÏ ‚ÓÁÏÛ-
˘ÂÌËÂ ÚÓ˜ÌÓ„Ó Â¯ÂÌËfl (23) Û‡‚ÌÂÌËfl Å˛„Â-
Ò‡. ÑÎfl ÓÔËÒ‡ÌËfl ‚ÓÎÌ˚ Ì‡„ÛÁÍË ‡‚ÚÓÏÓ‰ÂÎ¸ÌÓÂ
Â¯ÂÌËÂ ‚Ë‰‡ (28) ÌÂÔË„Ó‰ÌÓ, Ú‡Í Í‡Í ÔË ˝ÚÓÏ
ÌÂ Û‰‡ÂÚÒfl Û‰Ó‚ÎÂÚ‚ÓËÚ¸ ÛÒÎÓ‚Ë˛ (25). èÓ˝ÚÓÏÛ
‰Îfl ‚ÓÎÌ˚ Ì‡„ÛÁÍË ËÒÔÓÎ¸ÁÛÂÏ ÌÂÍÓÚÓ˚È ÒÔÂ-
ˆË‡Î¸Ì˚È ‡ÌÁ‡Úˆ.

àÚ‡Í, ‚ÓÎÌÛ ‡Á„ÛÁÍË Ë˘ÂÏ ‚ ‚Ë‰Â

„‰Â ‰Îfl P0 ËÒÔÓÎ¸ÁÛÂÏ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ (26). ë˜ËÚ‡-
ÂÏ, ˜ÚÓ Γ ‚ÂÎËÍÓ Ë ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó (27).
ÑÎfl ÙÛÌÍˆËË g Ì‡ ÓÒÌÓ‚‡ÌËË (21) ÔÓÎÛ˜‡ÂÏ ÎËÌÂÈ-
ÌÓÂ ÌÂÓ‰ÌÓÓ‰ÌÓÂ Û‡‚ÌÂÌËÂ

Ç ÂÁÛÎ¸Ú‡ÚÂ Â„Ó Â¯ÂÌËfl Ë ÔÓÒÎÂ‰Û˛˘Ëı ‚˚˜ËÒ-
ÎÂÌËÈ ÔÓÎÛ˜‡ÂÏ

(34)

îÓÏÛÎ‡ (26) ‰Îfl P0 ÔÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ ÛÒÎÓ‚ËÂ (3)
Á‰ÂÒ¸ ‚˚ÔÓÎÌÂÌÓ.

P P0 κg θ z,( ),+=

Γgθθ P0g( )θ+
1
2
--- P0

2 2PmP0–( ).=

P P0 κ Γ
3
---

1
2
---Pmθ bθ2+ + ,+=

b
1

6 z A–( )
-------------------- 1 1

Γ z A–( )
---------------------–⎝ ⎠

⎛ ⎞ .≡

ÑÎfl ÓÚ˚ÒÍ‡ÌËfl ‚ÓÎÌ˚ Ì‡„ÛÁÍË ÔËÏÂÌflÂÏ ‡Ì-
Á‡Úˆ

ÍÓÌÒÚ‡ÌÚ˚ α Ë c ÔÓ‰ÎÂÊ‡Ú ÓÔÂ‰ÂÎÂÌË˛. èÓÎÛ˜‡ÂÏ

(35)

èÂÂÏÂÌÌ‡fl z, Í‡Í Ë ‚ (7), ÔËÌ‡‰ÎÂÊËÚ ËÌÚÂ‚‡ÎÛ
[A, B]. 

ë¯Ë‚‡ÌËÂ ‚˚‡ÊÂÌËÈ (34) Ë (35) ‰‡ÂÚ fl‚Ì˚Â
ÙÓÏÛÎ˚

(36)

(37)

É‡ÌË˜Ì‡fl ÍË‚‡fl ÓÔÂ‰ÂÎflÂÚÒfl ÔË·ÎËÊÂÌÌ˚Ï
Û‡‚ÌÂÌËÂÏ

Ë ËÁÓ·‡ÊÂÌ‡ Ì‡ ËÒ. 4.
ëÓÔÓÒÚ‡‚Îflfl ÙÓÏÛÎ˚ (31), (32) (Ï‡Î˚Â Γ) Ò

ÙÓÏÛÎ‡ÏË (36), (37) (ÁÌ‡˜ËÚÂÎ¸Ì˚Â Γ), ‚Ë‰ËÏ,
˜ÚÓ Ò ÓÒÚÓÏ ‚flÁÍÓÒÚË „Î‡‚Ì˚Â ˜‡ÒÚË ‚˚‡ÊÂÌËÈ
Pm Ë θm ÔÂÂÒÚ‡˛Ú Á‡‚ËÒÂÚ¸ ÓÚ ÍÓ˝ÙÙËˆËÂÌÚ‡ Â-
Î‡ÍÒ‡ˆËË.

P
θ

B z–
------------

cθα

B z–( )2
-------------------…, z B,>+=

P
θ

B z–
------------

1
6Γ
------- θ3

B z–( )2
------------------- O

θ5

B z–( )3
------------------- .+ +=

θm
2 2Γ A B+( ) B z–( )2

z A–
---------------------------------------------,=

Pm
2 2Γ A B+( )

z A–
--------------------------.=

Pm

θm

B A–
-------------

3 A B+( )
κΓ B A–( )3
----------------------------θm

2+=

P

A B θ

z1

z2

êËÒ. 3. ãËÌËË Ì‡„ÛÁÍË Ë ‡Á„ÛÁÍË ÔË z1 < z2 Ë Ï‡-
ÎÓÈ ‚flÁÍÓÒÚË. ëÔÎÓ¯Ì‡fl ÊËÌ‡fl ÎËÌËfl – „‡ÌË˜Ì‡fl
ÍË‚‡fl.

P

A B θ

z1

z2

êËÒ. 4. ãËÌËË Ì‡„ÛÁÍË Ë ‡Á„ÛÁÍË ÔË z1 < z2 Ë ÁÌ‡˜Ë-
ÚÂÎ¸ÌÓÈ ‚flÁÍÓÒÚË. ëÔÎÓ¯Ì‡fl ÊËÌ‡fl ÎËÌËfl – „‡ÌË˜-
Ì‡fl ÍË‚‡fl.
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åÓÎÓÚÍÓ‚

áÄÇàëàåéëíú èãéíçéëíà
éí ÑÄÇãÖçàü. ÉàëíÖêÖáàëçõÖ 

äêàÇõÖ

àÒÔÓÎ¸ÁÛÂÏ ·ÂÁ‡ÁÏÂÌ˚Â ÔÎÓÚÌÓÒÚ¸, ‰‡‚ÎÂÌËÂ

Ë ·ÂÁ‡ÁÏÂÌ˚È Ô‡‡ÏÂÚ χ = /ρ1 . á‰ÂÒ¸ ρ',
p' – ‡ÁÏÂÌ˚Â ÔÎÓÚÌÓÒÚ¸ Ë ‰‡‚ÎÂÌËÂ, ρ1, p1, c1 –
ÁÌ‡˜ÂÌËfl ÔÎÓÚÌÓÒÚË, ‰‡‚ÎÂÌËfl Ë ÒÍÓÓÒÚË Á‚ÛÍ‡
‰Ó ‰ÂÙÓÏ‡ˆËË. éÔÂ‰ÂÎfl˛˘ÂÏÛ Û‡‚ÌÂÌË˛ (14,
[4]) ËÁ ‡·ÓÚ˚ [4] ÏÓÊÌÓ ÔË‰‡Ú¸ ‚Ë‰

(38)

ê‡ÒÒÏ‡ÚË‚‡ÂÏ ÒÎÛ˜‡È κ � 1, ÍÓ„‰‡ ‚ÂÏfl Â-
Î‡ÍÒ‡ˆËË TR ‚ÂÎËÍÓ. àÌÚÂ„‡Î I ‚˚˜ËÒÎflÂÚÒfl ÔÓ
Ï‡ÎÓÏÛ ÔÓ Ò‡‚ÌÂÌË˛ Ò TR. ‚ÂÏÂÌÌÓÏÛ ÔÓÏÂ-
ÊÛÚÍÛ. èÓ˝ÚÓÏÛ ÙÓÏÛÎ‡ (38) ‰Îfl ‚ÓÎÌ˚ ‡Á„ÛÁ-
ÍË ÔËÌËÏ‡ÂÚ ‚Ë‰

(39)

ùÚ‡ ÊÂ ÙÓÏÛÎ‡ ÔË κ = 0 ÓÔËÒ˚‚‡ÂÚ Ë ‚ÓÎÌÛ Ì‡-
„ÛÁÍË.

îÓÏÛÎ‡ (39) ÔÓÁ‚ÓÎflÂÚ ÔÓÎÛ˜ËÚ¸ „‡ÙËÍË
R(P) ‰Îfl ÔÓˆÂÒÒÓ‚ Ì‡„ÛÁÍË Ë ‡ÁÎË˜Ì˚ı ‚‡Ë‡Ì-

R
ρ '
ρ1
-----, P

p '
p1
-----= =

p0' c1
2

R χP εχ2P2–
εχ2

T R

--------,+=

I P Pm z( )–[ ]2 t t '–
T R

----------–⎝ ⎠
⎛ ⎞exp t '.d

tm

t

∫=

R χP εχ2P2– εχ2κ Pm P–( )2 O εκ2( ).+ +=

ÚÓ‚ ‡Á„ÛÁÍË ‚ ‡ÍÛÒÚË˜ÂÒÍÓÈ ÒÂ‰Â. ê‡ÒÒÏÓÚËÏ
ÒÌ‡˜‡Î‡ ‚ÎËflÌËÂ ÂÎ‡ÍÒ‡ˆËÓÌÌÓ„Ó Ô‡‡ÏÂÚ‡ κ.
èÓ‚Â‰ÂÌÌ˚Â ‚˚¯Â ‡Ò˜ÂÚ˚ ÔÓÍ‡Á˚‚‡˛Ú, ̃ ÚÓ ‚Â-
ÎË˜ËÌ‡ Pm ‚ÂÒ¸Ï‡ ÒÎ‡·Ó Á‡‚ËÒËÚ ÓÚ κ.

èÓˆÂÒÒ˚ Ì‡„ÛÁÍË Ë ‡ÁÎË˜Ì˚ı ‚‡Ë‡ÌÚÓ‚
‡Á„ÛÁÍË ÔË ‚ÓÁ‰ÂÈÒÚ‚ËË Ì‡ ÒÂ‰Û ËÏÔÛÎ¸ÒÌÓ„Ó
ÒË„Ì‡Î‡ ËÎÎ˛ÒÚËÛ˛ÚÒfl Ì‡ ËÒ. 5. Ç ÓÚÒÛÚÒÚ‚ËÂ
ÂÎ‡ÍÒ‡ˆËË ÔÓˆÂÒÒ˚ Ì‡„ÛÁÍË Ë ‡Á„ÛÁÍË ËÁÓ·-
‡ÊÂÌ˚ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÍË‚ÓÈ 1 Ë ÓÚÂÁÍÓÏ Ôfl-
ÏÓÈ 2. èË 0 < κ < 1 ÔÓˆÂÒÒ ‡Á„ÛÁÍË Ì‡ ËÒ. 5
ÓÔËÒ˚‚‡ÂÚÒfl ÍË‚ÓÈ 3. èË ˝ÚÓÏ ‚ÓÁÌËÍ‡ÂÚ ÓÒÚ‡-
ÚÓ˜Ì‡fl ‰ÂÙÓÏ‡ˆËfl

(40)

ÏÂÌ¸¯‡fl, ˜ÂÏ ÔË ÓÚÒÛÚÒÚ‚ËË ÂÎ‡ÍÒ‡ˆËË. éÚÏÂ-
ÚËÏ, ˜ÚÓ ÔË κ > 1 (Ï‡Î˚Â ‚ÂÏÂÌ‡ ÂÎ‡ÍÒ‡ˆËË)
ÍË‚‡fl 3 ÔÓÈ‰ÂÚ ‚˚¯Â ÍË‚ÓÈ 2.

èÂÂıÓ‰fl Í Û˜ÂÚÛ ‚flÁÍÓÒÚË É, ·Û‰ÂÏ ÔÂ‰ÔÓÎ‡-
„‡Ú¸, ˜ÚÓ ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ÓÒÚ‡ÂÚÒfl ÒÔ‡‚Â‰ÎË‚ÓÈ
ÙÓÏÛÎ‡ (39). èË ˝ÚÓÏ ‚ÂÎË˜ËÌ‡ Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó
‰‡‚ÎÂÌËfl ÛÏÂÌ¸¯‡ÂÚÒfl:

ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÛÏÂÌ¸¯‡ÂÚÒfl (ÍË‚‡fl 4 Ì‡ ËÒ. 5)
Ë ‚ÂÎË˜ËÌ‡ ÓÒÚ‡ÚÓ˜ÌÓÈ ‰ÂÙÓÏ‡ˆËË:

(41)

áÄäãûóÖçàÖ
Ç ‡·ÓÚÂ ‡Ì‡ÎËÚË˜ÂÒÍË ËÒÒÎÂ‰Ó‚‡Ì˚ ‚ÓÎÌ˚ Ì‡-

„ÛÁÍË Ë ‡Á„ÛÁÍË ‚ ÌÂÎËÌÂÈÌÓÈ ÂÎ‡ÍÒËÛ˛˘ÂÈ
Ë ‰ËÒÒËÔ‡ÚË‚ÌÓÈ ÒÂ‰Â.

á‡‰‡˜‡ ÒÓÒÚÓflÎ‡ ‚ ËÌÚÂ„ËÓ‚‡ÌËË ÔÓÎÛ˜ÂÌ-
Ì˚ı ‡ÌÂÂ ‚ [4] ˝‚ÓÎ˛ˆËÓÌÌ˚ı Û‡‚ÌÂÌËÈ. ëÎÓÊ-
ÌÓÒÚ¸ Á‡‰‡˜Ë Ò‚flÁ‡Ì‡ Ò ÂÂ ÌÂÎËÌÂÈÌÓÒÚ¸˛ Ë, „Î‡‚-
ÌÓÂ, Ò ÔËÒÛÚÒÚ‚ËÂÏ ‚ ˝‚ÓÎ˛ˆËÓÌÌ˚ı Û‡‚ÌÂÌËflı
Á‡‡ÌÂÂ ÌÂËÁ‚ÂÒÚÌÓ„Ó Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó ‰‡‚ÎÂÌËfl
Pm(z), ÍÓÚÓÓÂ Ò‡ÏÓ ‰ÓÎÊÌÓ ·˚Ú¸ ÓÔÂ‰ÂÎÂÌÓ ‚
ÂÁÛÎ¸Ú‡ÚÂ Â¯ÂÌËfl Á‡‰‡˜Ë. äÓÏÂ ÚÓ„Ó, ‚˚‡ÊÂ-
ÌËfl ‰Îfl ‰‡‚ÎÂÌËfl P(θ, z) ‰ÓÎÊÌ˚ Û‰Ó‚ÎÂÚ‚ÓflÚ¸
ÚÂ·Ó‚‡ÌËflÏ (25) Ë (3) ‰Îfl Ì‡„ÛÁÍË Ë ‡Á„ÛÁÍË
ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ.

ÑÎfl Â¯ÂÌËfl ÛÍ‡Á‡ÌÌ˚ı ˝‚ÓÎ˛ˆËÓÌÌ˚ı Û‡‚-
ÌÂÌËÈ ËÒÔÓÎ¸ÁÓ‚‡Ì˚ ÏÂÚÓ‰ Ï‡ÎÓ‡ÏÔÎËÚÛ‰ÌÓ„Ó
ÔË·ÎËÊÂÌËfl ÑÊ. ëÚÓÍÒ‡, ÌÓ‚˚È ‡ÒËÏÔÚÓÚË˜Â-
ÒÍËÈ Ï‡ÎÓ‰ËÒÚ‡ÌÚÌ˚È (Ï‡ÎÓ‚ÂÏÂÌÌÓÈ) ÔÓ‰ıÓ‰
[5], ËÁ‚ÂÒÚÌÓÂ ÚÓ˜ÌÓÂ Â¯ÂÌËÂ (23) Û‡‚ÌÂÌËfl
Å˛„ÂÒ‡ Ë ÌÂÍÓÚÓ˚Â ÒÔÂˆË‡Î¸Ì˚Â ‡ÌÁ‡Úˆ˚, Ì‡-
ÔËÏÂ, ‡ÁÎÓÊÂÌËÂ (35). ÑÎfl ËÒÔÓÎ¸ÁÛÂÏ˚ı
‡ÒËÏÔÚÓÚË˜ÂÒÍËı ‡ÁÎÓÊÂÌËÈ Ì‡È‰ÂÌ˚ ÛÒÎÓ‚Ëfl
Ëı ÔËÏÂÌËÏÓÒÚË, ÒÏ., Ì‡ÔËÏÂ, (6) Ë (15). èÓ-
ÒÚÓÂÌÌ˚Â ÔÓ ‡ÁÌ˚Ï ÒıÂÏ‡Ï Â¯ÂÌËfl, ÓÚÌÓÒflÒ¸
Í ‡ÁÌ˚Ï ‚ÂÏÂÌÌ˚Ï ÔÓÏÂÊÛÚÍ‡Ï ‚ÓÎÌÓ‚Ó„Ó
ÔÓˆÂÒÒ‡, ‰ÓÔÓÎÌfl˛Ú ‰Û„ ‰Û„‡.

èËÏÂÌÂÌËÂ ÔÂÂ˜ËÒÎÂÌÌ˚ı ÏÂÚÓ‰Ó‚ ÔÓÁ‚ÓÎË-
ÎÓ ÔÓÎÛ˜ËÚ¸ fl‚Ì˚Â ÔË·ÎËÊÂÌÌ˚Â Â¯ÂÌËfl ‰Îfl
‚ÓÎÌ Ì‡„ÛÁÍË Ë ‡Á„ÛÁÍË ÔË ‡ÁÎË˜Ì˚ı ÚËÔ‡ı

Rres 0 κ 1< <, εχ2κPm
2 εχ2Pm

2< Rres κ, 0= ,= =

Pm Γ, 0> Pm Γ, 0= .<

Rres Γ, 0> εχ2κPm Γ 0>, .=

P

1

R

2

3

4

Pm, Γ > 0 Pm, Γ = 0

Rres, κ > 0

Rres, κ = 0

Rres, Γ > 0

êËÒ. 5. á‡‚ËÒËÏÓÒÚ¸ ÔÎÓÚÌÓÒÚË ÓÚ ‰‡‚ÎÂÌËfl ÔË Ì‡-
„ÛÁÍÂ Ë ‡ÁÎË˜Ì˚ı ‚‡Ë‡ÌÚ‡ı ‡Á„ÛÁÍË: 1 – ÔÓˆÂÒÒ
Ì‡„ÛÁÍË ·ÂÁ ÂÎ‡ÍÒ‡ˆËË, 2 – ÔÓˆÂÒÒ ‡Á„ÛÁÍË ·ÂÁ
ÂÎ‡ÍÒ‡ˆËË, 3 – ÔÓˆÂÒÒ ‡Á„ÛÁÍË ÔË 0 < κ � 1, ÙÓ-
ÏÛÎ˚ (5) Ë (12), 4 – ÔÓˆÂÒÒ ‡Á„ÛÁÍË ÔË Γ > 0, ÙÓ-
ÏÛÎ‡ (24).
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ÂÎ‡ÍÒËÛ˛˘Ëı ÒÂ‰ Ë ‡ÁÎË˜ÌÓÈ ‚ÂÎË˜ËÌÂ Ô‡‡-
ÏÂÚ‡ ‚flÁÍÓÒÚË (‰ËÒÒËÔ‡ˆËË). ç‡È‰ÂÌ˚ fl‚Ì˚Â ‚˚-
‡ÊÂÌËfl ‰Îfl Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó ‰‡‚ÎÂÌËfl Pm(z) Ë ÒÓ-
ÓÚ‚ÂÚÒÚ‚Û˛˘Â„Ó ‚ÂÏÂÌË θm(z), ÔË ÍÓÚÓÓÏ ÔÓ-
ËÁ‚Ó‰Ì‡fl ∂P/∂θ ÏÂÌflÂÚ ÁÌ‡Í.

ÇÓ ‚ÒÂı ‡ÒÒÏÓÚÂÌÌ˚ı ÒÎÛ˜‡flı (ËÒ. 1 – ËÒ. 4)
ÛÒÚ‡ÌÓ‚ÎÂÌÓ, ˜ÚÓ ÔË Û‚ÂÎË˜ÂÌËË „ÎÛ·ËÌ˚ ÔÓÌËÍ-
ÌÓ‚ÂÌËfl ‚ ËÁÛ˜‡ÂÏÛ˛ ÒÂ‰Û ‰ÓÒÚËÊÂÌËÂ Ï‡ÍÒËÏ‡Î¸-
ÌÓ„Ó ‰‡‚ÎÂÌËfl Pm(z) ÔÓËÒıÓ‰ËÚ ÔË ·ÓÎ¸¯Ëı ‚ÂÏÂ-
Ì‡ı θm(z). àÒÒÎÂ‰Ó‚‡ÌÓ ‚Á‡ËÏÌÓÂ ‚ÎËflÌËÂ ˝ÙÙÂÍÚÓ‚
‚flÁÍÓÒÚË Ë ÂÎ‡ÍÒ‡ˆËË. éÍ‡Á˚‚‡ÂÚÒfl, ˜ÚÓ Ò ÓÒÚÓÏ
‚flÁÍÓÒÚË „Î‡‚Ì˚Â ˜‡ÒÚË ‚˚‡ÊÂÌËÈ Pm, Ë θm ÔÂÂ-
ÒÚ‡˛Ú Á‡‚ËÒÂÚ¸ ÓÚ ÍÓ˝ÙÙËˆËÂÌÚ‡ ÂÎ‡ÍÒ‡ˆËË.

Ç ‡·ÓÚÂ Ì‡È‰ÂÌ˚ Ú‡ÍÊÂ Á‡‚ËÒËÏÓÒÚË ÔÎÓÚÌÓ-
ÒÚË ÓÚ ‰‡‚ÎÂÌËfl ‰Îfl ‡ÁÎË˜Ì˚ı ÚËÔÓ‚ ÒÂ‰ Ë ÓÔË-
Ò‡ÌÓ ‚ÎËflÌËÂ ÚËÔ‡ ÒÂ‰˚ Ì‡ ‚Ë‰ „ËÒÚÂÂÁËÒÌÓÈ
ÍË‚ÓÈ Ë Ì‡ ‚ÂÎË˜ËÌÛ ÓÒÚ‡ÚÓ˜ÌÓÈ ‰ÂÙÓÏ‡ˆËË.

Ä‚ÚÓ ·Î‡„Ó‰‡ÂÌ ̃ ÎÂÌÛ-ÍÓÂÒÔÓÌ‰ÂÌÚÛ êÄç
é.Ç. êÛ‰ÂÌÍÓ Á‡ ‚‡ÊÌ˚Â Ó·ÒÛÊ‰ÂÌËfl Ë Á‡ÏÂ˜‡ÌËfl
‚ Ò‚flÁË Ò ‡·ÓÚÓÈ.
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Hysteresis in an Acoustic Medium with Relaxing Nonlinearity and Viscosity

       I. A. Molotkov
       Pushkov Institute of Terrestrial Magnetism, Ionosphere, and Radio Wave Propagation, Russian Academy of Sciences, 

Troitsk, Moscow oblast, 142190 Russia
       e-mail: imolotkov@mtu-net.ru

Abstract—The loading and unloading waves propagating in a nonlinear relaxing and dissipative medium of
the consolidated soil type are investigated. Solutions describing the waves in such a medium are constructed
with the use of the Stokes method and the small-distance asymptotic approach. Explicit approximate solutions
are obtained for different values of the relaxation and viscosity parameters. The influence of the type of the me-
dium on the shape of the hysteretic curves is described.
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